Introduction and Main Results
In a recent paper [1] , Kim, Koo and Park proved Sun's three conjectures (see [ 10 ∼ 12 ] ), e.g. , one of their main results ( which implies Sun's conjectures ) says that for rational primes p > 3, k ∈ Z with p ∤ k(9k + 4) and elliptic curve E : y 2 = x 3 − (6k + 3)x − (3k 2 + 6k + 2), the number ♯E(F p ) is congruent to 0 modulo 3.
Then they present the following general problems about ♯E(F p ) for elliptic curves over a finite field F p .
Let E : y 2 = x 3 + f (k)x + g(k) be an elliptic curve over a finite field F p and α be a nonnegative integer.
(Open problem) [Kim-Koo-Park] ( 1 ) ( Strong form ) Can one find f (k), g(k) satisfying ♯E(F p ) ≡ α ( mod d ) for a fixed integer d and for almost all primes p ?
( 2 ) ( Weak form ) For some special primes p, for example p ≡ 1 ( mod 4 ), Can one find f (k), g(k) satisfying ♯E(F p ) ≡ α ( mod d ) for a fixed integer d and for all such primes p ?
In the following, we call it the KKP-problem.
In this paper, we will consider the KKP-problem for d = 3, 5, 7 and α = 0.
The key point of this problem is to determine whether the elliptic curves over a finite fields have a point of order d. We find this can be well done by the corresponding results in [4] about elliptic curves over rational number field Q. In fact, via a direct generalizing, the explicit criteria of [4] will be established here for all elliptic curves defined on arbitrary fields with characteristic not being 2 or 3 (see Theorem 2.1 in the second section). We then apply these criteria to those elliptic curves over finite fields. More precisely, we use them to find f (k), g(k) ( in fact, values in more general polynomial forms ) satisfying the KKP-problem, and give a complete solution about such problem for (d, α) = (3, 0), (5, 0), (7, 0) ( See Theorems 1 ∼ 3 ). In particular, when d = 3 and α = 0, our results imply easily the main ones of [1] and present more new examples for finding f (k), g(k) satisfying the KKP-problem ( see Example 3.1 in section 3 ). Moreover, for primes other than 3, 5, 7, our method seemly can work in a general sense, a comment on it will be given after the proving of main results. In the last part, many related examples will be presented. Now we state our main results. For elliptic curve E defined over a field F,
We denote E(F ) the group of F − rational points of E. If the characteristic of F is not 2 or 3, then up to F − isomorphisms, E has a model
Its discriminant ∆(E) = −16(4a 3 + 27b 2 ) = 0 (e.g. see [9] , p. 50 ).
For rational primes p, denote F p the finite field of p elements. So F p ∼ = Z/pZ = {n : n ∈ Z} = {0,1, · · ·, p − 1}. When n ∈ Z being viewed as an element in F p , n andn will not be distinguished.
Theorem 1. Let p > 3 be a rational prime number and m, n ∈ Z be rational integers such that p ∤ m(m − 4n 3 ). Let E be an elliptic curve over F p . If E has the Weierstrass equation E :
then the number of elements in E(F p ) is congruent to 0 modulo 3.
Theorem 2. Let p > 3 be a rational prime number and m, n ∈ Z be rational integers such that p ∤ mn(n 2 − m 2 − 11mn). Let E be an elliptic curve over F p . If E has the Weierstrass equation E :
then the number of elements in E(F p ) is congruent to 0 modulo 5.
Theorem 3. Let p > 3 be a rational prime number and m, n, r ∈ Z be rational integers such that p ∤ mn(3r
Let E be an elliptic curve over F p . If E has the Weierstrass equation E :
then the number of elements in E(F p ) is congruent to 0 modulo 7.
Existence of p− order rational points and proofs of Theorems
In this section, we come to prove Theorems 1 ∼ 3. We firstly prove a general theorem ( i.e. Theorem 2.1 ) about the existence of p− order rational points for elliptic curves over arbitrary fields. Then by applying it to the case of finite field
Theorem 2.1. Let F be a field of characteristic char F = 2, 3, and E =
(I) E has a F − rational point of order 3 ( i.e. E(F ) ⊇ Z/3Z ) if and only
where m, n ∈ F and m(m − 4n 3 ) = 0.
Moreover, a point P 3 of order 3 in E(F ) is given by P 3 = (3n 2 , m).
if and only if
where m, n ∈ F and mn(n 2 − m 2 − 11mn) = 0.
Moreover, a point P 5 of order 5 in E(F ) is given by
if and only if one of the following conditions hold:
where m ∈ F and m = 0.
(B) The polynomial x 4 − 5x 2 + 5 has a non-zero root δ in F ( in particular, 5 is a square in F ), and
(III) E has a F − rational point of order 7 ( i.e. E(F ) ⊇ Z/7Z ) if and only if
where m, n, r ∈ F and mn(3r
Moreover, a point P 7 of order 7 in E(F ) is given by
Remark 2.2
By the twist theory ( see section 3 ), it is easy to see that, up to F − isomorphisms, the elliptic curves in cases ( A ) and ( B ) of (II-2) of Theorem 2.1 are essentially the following two elliptic curves
Proof of Theorem 2.1 Since char F = 2, 3, the addition and duplication formulae of group law of elliptic curves are valid over F ( see e.g., [9, chapter 3 ] and [8, chapter 1] ), hence by a little modification, the proof can carry over similarly as done in [4] about the case F = Q. Considering the central role of Theorem 2.1 in obtaining Theorems 1 ∼ 3 above , and for the convenience of the reader, we prove one part of this theorem, that is , in the following , we prove part (II) of Theorem 2.1 ( The case (II-2) does not occur in [4] ). For the detail proofs of (I) and (III), we refer to [4] .
Before the proof, a word given for part (III): For the special case F = Q, the condi- The sufficiency is easy , so we verify the necessity. If E(F ) ⊇ Z/5Z. Then there is a point P 5 = (x, y) ∈ E(F ) such that 5P 5 = O and P 5 = O ( obviously y = 0 ).
So 4P 5 = −P 5 , and then x(4P 5 ) = x(−P 5 ) = x(P 5 ) = x. Denote 2P 5 = (x 2 , y 2 ).
It is easy to see that x 2 = x. Applying the duplication formula ( see [ 9, 8 ] 
Since 2 is invertible in F, we may let
Then from (2.1.3)
By our assumption, b = 0, so u = 0. Let b = ur with r ∈ F \ {0}. Then from (2.1.5) we have a = 2u 2 − (3t + r). Since x = x 2 , from (2.1.4) it is easy to know that there exists a non-zero element v ∈ F such that
Then by definition ,
Denote 4v 2 + 6uv + 2u 2 − r = s ∈ F and y = e ∈ F, then se = 0, e 2 = vs, and r + s = 2(u + v)(u + 2v). So
Substituting x, x 2 , a, b into (2.1.1), Via a complicate calculating, we obtain
Since 2v = 0, we may let e/v = 2w for some w ∈ F \ {0}. Then e = 2vw and s = 4vw 2 . So by (2.1.8) we have
Since 2vw = 0, we may Let v/2w = r with r ∈ F \ {0}. Then by (2.1.9) we get 3u = w 2 + r 2 .
(2.1.10)
By assumption, 3 is invertible in F, So we may let r = 3m and w = 3n, where m, n ∈ F and mn = 0. Therefore
(2.1.12) and
Moreover, for the elliptic curve E : y 2 = x 3 + ax + b with the coefficients a, b
given by (2.1.12), its discriminant
Since ∆(E) = 0, we get mn(n 2 − m 2 − 11mn) = 0. This proves case ( II-1 ).
Now we prove case (II-2), i.e., the case b = 0. Since the discriminant ∆(E) = 0, we have a = 0. We assume that E has a F − rational point P 5 = (x, y) of order 5, and denote 2P 5 = (x 2 , y 2 ) ∈ E(F ). As done in the proof of (II-1) above , we also obtain the above equations (2.1.1 ∼ 2.1.3 ) with b = 0. So
Then we discuss via the following two subcases, respectively.
(A) We assume that x + x 2 = 0. Then by (2.1.2), we get 5x
i.e., 4x
Substituting a = (2θ −1)x 2 into the equation
. This proves (A) of case (II-2).
(B) Now we assume that (x + x 2 ) 2 − 6xx 2 − 2a = 0. Denote
Then we have a = 2u 2 − 3t. since x = x 2 , by (2.2.3) there exists v ∈ F \ {0}
satisfying the same equations (2.1.6) as above. So we get a = 3v 2 − u 2 , and by definition,
Substituting x, x 2 , a into the equation (2.1.2) with b = 0, via simplifying we
We may assume u = 0 ( the case u = 0 hence x + x 2 = 0 is discussed in (A) ), and let δ = u/v ∈ F \ {0}. Then by equation (2.2.4) we get
This means the polynomial x 4 − 5x 2 + 5 has a non-zero root δ ∈ F. Moreover, let y = ve with e ∈ F \ {0}. Then by u = vδ we have
Then e 2 = [2(1 + δ)(2 + δ)] 2 n, so n = m 2 for some m ∈ F \ {0}. By this we get
i.e.
This proves (B) of case (II-2). And the proof of Theorem 2.1 is completed.
Now we come to prove Theorems 1 ∼ 3. ). This proves Theorem 1. Theorems 2 and 3 can be similarly deduced from the corresponding parts in Theorem 2.1.
Proof of Theorems

Remark 2.3
Since the KKP-problem is implied in such a question on how to parameter elliptic curves with a given order point, our method (i.e. Theorem 2.1, which is in the spirit of [4] , see also [5, 6, 7, 3] ) provides a general procedure to deal with it. In fact, for a positive integer d, once a criterion similar to Theorem 2.1 can be established, then a corresponding solution of KKP-problem be obtained, as we have done in this paper for the case d = 3, 5, 7. However, when d varies largely, the procedure will become too complicated to be impractical.
3 Examples of f (k) and g(k) satisfying KKP-problem Let E : y 2 = x 3 + ax + b be an elliptic curve defined over a field F ( char F = 2, 3 ) as above. For D ∈ F, the D− twist of E over F is defined by
It is well known that E and
as Abelian groups ( see [9, chapter 10] . When D is a square in F, F (
In the following examples, we fix F = F p , the finite fields of p elements, p > 3 a prime. (1) We first assume that the Legendre symbol Next we assume that 
